The present paper studies some common fixed-point theorems for pairs of a single-valued and a multivalued coincidentally commuting mappings in D-metric spaces satisfying a certain generalized contraction condition. Our result generalizes more than a dozen known fixed-point theorems in D-metric spaces including those of
for all x, y, z, a ∈ X (tetrahedral inequality). It is known that the D-metric ρ in a continuous function on X 3 in the topology of D-metric convergence is Hausdorff. The details of a D-metric space and its topological properties appear in Dhage [8] . Some specific examples of a D-metric space are presented in Dhage [2] . 
(S).
Let 2 X and CB(X) denote the classes of nonempty closed and nonempty, closed, bounded subsets of X, respectively. A correspondence F : X → 2 X is called a multivalued mapping on a D-metric space X, and a point u ∈ X is called a fixed point of F if u ∈ Fu.
In [3] , the first author has defined a notion of the generalized or Kasusai D-metric on X. Let κ : (CB(X)) 3 In [3] , the first author has proved some fixed-point theorem for multivalued contraction mappings in D-metric spaces, and in [5] he has proved some common fixed-point theorems for coincidentally commuting single-valued mappings in D-metric spaces satisfying a condition of generalized contraction.
In this paper, we prove some common fixed-point theorems for a pair of singlevalued and multivalued mappings in a D-metric space satisfying a contraction condition more general than that given in Dhage [1, 2, 3, 4, 5, 7] and Rhoades [12] . The results of this paper are new to the fixed-point theory in D-metric spaces and include nearly a dozen of known fixed-point theorems as special cases (see [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12] ).
Preliminaries.
Before going to the main results of this paper, we give some preliminaries needed in the sequel.
Let F : X → 2 X . Then by an orbit of F at a point x ∈ X we mean a set O F (x) in X defined by for each x ∈ X. Let Φ denote the class of all functions φ :
The function φ is called a Lipschitz control function or Lipschitz growth function and the usual growth function is φ(t) = αt, 0 ≤ t < 1. The following lemma concerning the function φ appears in [7] .
We need the following D-Cauchy principle of Dhage [7] in the sequel. 
Proof. The proof appears in [7] , but for the sake of completeness we give the details. Let p, t ∈ N be arbitrary but fixed. Then from (2.3) it follows that This proves that {x n } is a D-Cauchy sequence in X and the proof of the lemma is complete.
As a direct application of Lemma 2.2, we obtain the following result proved in [5] .
We use contractive conditions of the form
for some positive real number r , where a and b are nonnegative real numbers and φ ∈ Φ, because sometimes inequality (2.8) holds, but for the same real numbers a and b, the inequality
does not hold. To see this, let φ :
Obviously the function φ is continuous, nondecreasing and satisfies φ(t) = αt/(1 + t) < t for t > 0. Again since
we have that φ ∈ Φ.
Now for a = 1/2 and b = 2/3, we have, by (2.9),
which is not true since 0 ≤ α < 1. But for the same values of a and b, we have a positive real number r = 2 such that
for 13/16 ≤ α < 1. Hence inequality (2.8) holds. Thus inequality (2.9) does not imply inequality (2.8). Actually, inequalities (2.8) and (2.9) are independent. To show that inequality (2.8) does not imply inequality (2.9), let a = 1/4, b = 4/9, and r = 1/2. Clearly, inequality (2.8) does not hold, but for the same values of a, b, and r , one has
for α ≥ 13/16, and so inequality (2.9) holds. Thus inequalities (2.8) and (2.9) are independent.
In the following sections, we will prove the main results of this paper.
Weak commuting mappings in D-metric spaces.
Let F : X → 2 X and g : X → X. Then the pair {F,g} of maps is called limit coincident if lim n Fx n = {lim n gx n } for some sequence {x n } in X, and coincident if there exists a point u ∈ X such that Fu = {gu}. Again two maps F and g are called limit commuting if lim n Fgx n = {lim n gFx n }, where {x n } is a sequence in X, and commuting if Fgx = {gFx} for all x ∈ X. Two maps F and g are called limit coincidentally commuting if their limit coincidence implies the limit commutativity on X. Similarly, they are called coincidentally commuting if they are commuting at the coincidence points. Again two maps F and g are said to be limit pseudocom-
where {x n } is a sequence in X, and pseudocommuting if Fgx ∩ gFx ≠ ∅ for each x ∈ X. Finally, the pair {F,g} is called limit coincidentally pseudocommuting if its limit coincidence implies the limit pseudocommutativity on X, and coincidentally pseudocommuting if it is pseudocommuting at the coincidence points. It is known that a coincidentally commuting pair is limit coincidentally commuting and a coincidentally pseudocommuting pair is limit coincidentally pseudocommuting, but the converse implications need not hold. A pair of maps {F,g} is weak commuting if it is either limit commuting, coincidentally commuting, limit pseudocommuting, or coincidentally pseudocommuting on X. Below, we will prove some common fixed-point theorems for each of these weak commuting mappings on D-metric spaces. 
Limit coincidentally commuting maps in
Proof. Let x ∈ X be arbitrary and define a sequence {y n } in X as follows. Take x 0 = x and y 0 = gx 0 . Choose a point y 1 
there is a point x 1 ∈ X such that y 1 = gx 1 . Again choose a point y 2 ∈ Fx 1 = X 2 . By hypothesis (a), there is a point x 2 ∈ X such that y 2 = gx 2 . Proceeding in this way, by induction there is a sequence {x n } of points in X such that
From hypothesis (a), it follows that
for all m, n, p ∈ N. Now there are two cases.
Case 1. Suppose that y r = y r +1 for some r ∈ N. Then we have gx r = gx r +1 = u for some u ∈ X. for all m > n ∈ N. Hence, the application of Lemma 2.2 yields that {y n } is a D-Cauchy sequence in X. The D-metric space X being complete, there is a point u ∈ X such that lim n y n = u. The definition of {y n } implies that lim n gx n = u. We will show that lim n Fx n = {u}. (F v, gv, z) , (3.22) which implies that Fv = gv = {z} since φ ∈ Φ. Since F and g are limit coincidentally commuting, they are coincidentally commuting on X. Therefore, we have Fgv = gFv. Now, proceeding with the arguments as in Case 1, it is proved that z is a common fixed point of F and g.
To prove the uniqueness, let z * ( = z) be another common fixed point of F and g. and so F is continuous at the common fixed point z of F and g. This completes the proof.
Letting g = I, the identity map on X and r = 1, in Theorem 3.1, we obtain the following corollary.
Corollary 3.2. Let F : X → CB(X) be a multivalued mapping satisfying δ (Fx,Fy,Fz) ≤ φ ρ(x, y, z), δ(Fx, Fy, z), δ(x, Fx, z),   δ(y, F y, z), δ(x, F y, z), δ(y, F x, z) (3.32)
for all x, y, z ∈ X, where φ ∈ Φ. Further if X is F -orbitally bounded and Forbitally complete D-metric space, then F has a unique fixed point u ∈ X such that Fu = {u} and F is continuous at u.
for all x, y, z ∈ X, where 0 ≤ λ < 1. Further if X is F -orbitally bounded and F -orbitally complete D-metric space, then F has a unique fixed point u ∈ X such that Fu = {u} and F is continuous at u. for all x, y, z ∈ X, where 0 ≤ λ < 1. Then F has a unique fixed point u ∈ X such that Fu = {u}and F is continuous at u. for all x, y, z ∈ X, where φ ∈ Φ. Suppose that
Further if X is (f /g)-orbitally bounded and (f /g)-orbitally complete D-metric space, then f and g have a unique common fixed point u ∈ X. Moreover, if g is continuous at u, then f is also continuous at u. Remark 3.6. Note that Corollary 3.5 includes the class of pairs of fixedpoint mappings of Dhage [7] characterized by the inequality for all x, y, z ∈ X, where φ ∈ Φ. Suppose that Proof. Let x ∈ X be arbitrary and define a sequence {y n } ⊂ X by (3.3). Clearly the sequence {y n } is well defined since F(X) ⊆ g(X). Further we note that {y n } ⊆ g(X). We prove the conclusion of the theorem in two cases. Case 1. Suppose that y r = y r +1 for some r ∈ N. Then proceeding with the arguments similar to Case 1 of the proof of Theorem 3.1, it is proved that y r = u is a common fixed point of F and g such that Fu = {u} = gu.
Case 2. Assume that y n = y n+1 for each n ∈ N. Then following Case 2 of the proof of Theorem 3.1, it is shown that {y n } is a D-Cauchy sequence. Since g(X) is complete, there is a point z ∈ g(X) such that lim n y n = z = lim n gx n . We will show that lim n Fx n = {z}. 
and so Fu = gu = {z}. Thus u is a coincidence point of F and g. The rest of the proof is similar to Case 2 of the proof of Theorem 3.1. We omitted the details.
for all x, y, z ∈ X for which the right-hand side is not zero. Further suppose that for all x, y, z ∈ X for which the right-hand side is not zero. Then f has a unique fixed point.
Proof. The conclusion follows by letting g = I in Corollary 4.4, where I is the identity map on X.
Note that Corollaries 4.4 and 4.5 include the fixed-point theorems of Dhage [5] and Rhoades [12] for the mappings f and g on a D-metric space X characterized by the inequalities 
1). Suppose further that
is compact, (c) {f ,g} is coincidentally commuting. Then F and g have a unique common fixed point u ∈ X such that Fu = {u} = gu.
Proof. Let A = g(X)
. Then A is a compact D-metric space and F and g define the maps F : A → CB(A) and g : A → A. Now, the desired conclusion follows by an application of Theorem 4.1. for all x, y, z ∈ X and 0 ≤ λ < 1?
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